We propose a definition of compact quantum groupoids in the setting of C ¦ -algebras, associate to such a quantum groupoid a regular C ¦ -pseudo-multiplicative unitary, and use this unitary to construct a dual Hopf C ¦ -bimodule and to pass to a measurable quantum groupoid in the sense of Enock and Lesieur. Moreover, we discuss examples related to compact and toétale groupoids and study principal compact C ¦ -quantum groupoids.
Introduction
Overview In the setting of von Neumann algebras, measurable quantum groupoids were studied by Lesieur and Enock [5, 6, 3, 11] , building Vallin's notions of Hopf-von Neumann bimodules and pseudo-multiplicative unitaries [19, 20] and Haagerup's operator-valued weights.
In this article, we propose a definition of compact quantum groupoids in the setting of C ¦ -algebras, building on the notions of Hopf-C ¦ -bimodules and C ¦ -pseudo-multiplicative unitaries introduced in [17, 16] . To each compact C ¦ -quantum groupoid, we associate a regular C ¦ -pseudo-multiplicative unitary, a von-Neumann algebraic completion, and a dual Hopf C ¦ -bimodule. Moreover, we extend this C ¦ -pseudo-multiplicative unitary to a weak C ¦ -pseudo-Kac system; hence, the results of [16] can be applied to the study of coactions of compact C ¦ -quantum groupoids on C ¦ -algebras.
To illustrate the general theory, we discuss several examples of compact C ¦ -quantum groupoids: the C ¦ -algebra of continuous functions on a compact groupoid, the reduced C ¦ -algebra of anétale groupoid with compact base, and principal compact C ¦ -quantum groupoids.
Let us mention that many constructions and results seem to extend to a more general notion of quantum C ¦ -groupoids where the Haar weights are still assumed to be bounded but where the C ¦ -algebra of units need no longer be unital and where the KMS-state on this C ¦ -algebra is replaced by a proper KMS-weight.
Plan Let us outline the contents and organization of this article in some more detail.
In the first part of this article (Sections 2,3,4), we introduce the definition of a compact C ¦ -quantum groupoid. Recall that a measured compact groupoid consists of a base space G 0 , a total space G, range and source maps r, s : G G 0 , a multiplication Gs¢rG G, a left and a right Haar system, and a quasi-invariant measure on G 0 . Roughly, the corresponding ingredients of a compact C ¦ -quantum groupoid are unital C ¦ -algebras B and A, representations r, s : B ÔopÕ
A, a comultiplication ∆ : A A ¦ A, a left and a right Haar weight φ, ψ : A B ÔopÕ , and a KMS-state on B, subject to several axioms.
These ingredients are introduced in several steps. In Section 2, we focus on the tuple ÔB,A, r, φ, s, ψÕ, which can be considered as a compact C ¦ -quantum graph, and review some related GNS-constructions. In Section 3, we recall from [17, 16] the definition of the fiber product A ¦ A and of the underlying relative tensor product of Hilbert modules over C ¦ -algebras. Finally, in Section 4, we give the definition of a compact C ¦ -quantum groupoid and obtain first properties like uniqueness of the Haar weights and the existence of an invariant state on the basis.
In the second part of this article (Sections 5,6,7), we associate to every compact C ¦ -quantum groupoid a fundamental unitary, a von-Neumann-algebraic completion, and a dual Hopf C ¦ -bimodule. This fundamental unitary satisfies a pentagon equation, generalizes the multiplicative unitaries of Baaj and Skandalis [1] , and can be considered as a pseudomultiplicative unitary in the sense of Vallin [20] equipped with additional data. The unitary and the completion will be constructed in Section 5. In Section 6, we study a particular feature of this unitary -the existence of fixed or cofixed elements -and show that for a general C ¦ -pseudo-multiplicative unitary, such (co)fixed elements yield invariant conditional expectations and bounded counits on the associated Hopf C ¦ -bimodules. In Section 7, we return to compact C ¦ -quantum groupoids and discuss their duals. The last part of this article (Sections 8,9) is devoted to examples of compact C ¦ -quantum groupoids which are obtained from compact and frométale groupoids one side and from center-valued traces on C ¦ -algebras on the other side. For these examples, we give a detailed description of the ingredients, the associated fundamental unitaries, and the dual objects.
Preliminaries Let us fix some general notation and concepts used in this article.
Given a subset Y of a normed space X, we denote by ÖY × X the closed linear span of Y . Given a C ¦ -algebra A and a C ¦ -subalgebra B M ÔAÕ, we denote by A B ½ the relative commutant Øa È A ab ba for all b È BÙ. Given a Hilbert space H and a subset X LÔHÕ, we denote by X ½ the commutant of X. All sesquilinear maps like inner products of Hilbert spaces are assumed to be conjugate-linear in the first component and linear in the second one.
We shall make extensive use of Hilbert C ¦ -modules. A standard reference is [10] . Let A and B be C ¦ -algebras. Given Hilbert C ¦ -modules E and F over B, we denote the space of all adjointable operators E F by LBÔE, F Õ. Let E and F be C ¦ -modules over A and B, respectively, and let π : A LBÔF Õ be a ¦-homomorphism. Then one can form the internal tensor product E π F , which is a Hilbert C ¦ -module over B [10, Chapter 4] . This Hilbert C ¦ -module is the closed linear span of elements η A ξ, where η È E and ξ È F are arbitrary, and Üη π ξ η ½ π ξ ½ Ý Üξ πÔÜη η ½ ÝÕξ ½ Ý and Ôη π ξÕb η π ξb for all η, η ½ È E, ξ, ξ ½ È F , and b È B. We denote the internal tensor product by " "; thus, for example, E π F E π F . If the representation π or both π and A are understood, we write " A" or " ", respectively, instead of " π ".
Given A, B, E, F and π as above, we define a flipped internal tensor product F π E as follows. We equip the algebraic tensor product F E with the structure maps Üξ η ξ ½ η ½ Ý : Üξ πÔÜη η ½ ÝÕξ ½ Ý, Ôξ ηÕb : ξb η, and by factoring out the null-space of the semi-norm ζ Üζ ζÝ 1ß2 and taking completion, we obtain a Hilbert C ¦ -B-module F π E. This is the closed linear span of elements ξπ η, where η È E and ξ È F are arbitrary, and Üξπ η ξ ½ π η ½ Ý Üξ πÔÜη η ½ ÝÕξ ½ Ý and Ôξπ ηÕb ξbπ η for all η, η ½ È E, ξ, ξ ½ È F , and b È B.
As above, we write "A " or simply " " instead of "π " if the representation π or both π and A are understood, respectively. Evidently, the usual and the flipped internal tensor product are related by a unitary map Σ : F E E F , η ξ ξ η.
Compact C ¦ -quantum graphs
The first basic ingredient in the definition of a compact C ¦ -quantum groupoids are compact C ¦ -quantum graphs. Roughly, such a compact C ¦ -quantum graph consists of a C ¦ -algebra B (of units) with a faithful KMS-state, a C ¦ -algebra A (of arrows), and two compatible module structures consisting of representations B, B ÔopÕ A and conditional expectations A B, B ÔopÕ . Thinking of (the underlying graph of) a groupoid, the representations correspond to the range and the source map, and the conditional expectations to the left and the right Haar weight.
Throughout the following sections, we will use several GNS-and Rieffel-constructions for compact C ¦ -quantum graphs. We first recall the GNS-construction for KMS-states and present the Rieffel-construction for a single module structure, before we turn to compact C ¦ -quantum graphs. To prepare for the definition of the unitary antipode of a compact C ¦ -quantum groupoid, we finally discuss coinvolutions on compact C ¦ -quantum graphs.
KMS-states on C ¦ -algebras and associated GNS-constructions
We shall use the theory of KMS-states on C ¦ -algebras, see [?, §5] , [?, §8.12], and adopt the following conventions. Let µ be a faithful KMS-state on a C ¦ -algebra B. We denote by σ µ the modular automorphism group, by Hµ the GNS-space, by Λµ : B Hµ the GNS-map, by ζµ ΛµÔ1BÕ the cyclic vector, and by Jµ : Hµ Hµ the modular conjugation associated to µ. We shall frequently use the formula JµΛµÔbÕ ΛµÔσ We omit explicit mentioning of the GNS-representation πµ : B LÔHµÕ and identify B with πµÔBÕ; thus, bΛµÔxÕ πµÔbÕΛµÔxÕ ΛµÔbxÕ bxζµ for all b, x È B.
We denote by B
op the opposite C ¦ -algebra of B, which coincides with B as a Banach space with involution but has the reversed multiplication, and by µ op : B Given a module structure as above, we can form a GNS-Rieffel-construction as follows: Lemma 2.2. Let µ be a faithful KMS-state on a unital C ¦ -algebra B, let Ôr, φÕ be a µ-module structure on a unital C ¦ -algebra A, and put ν : µ ¥ φ.
ii) There exists a unique isometry ζ : Hµ 
We identify ZÔBÕ and ZÔB Coinvolutions on compact C ¦ -quantum graphs The following concept will be used to define the unitary antipode of a compact C ¦ -quantum groupoid: 
iii) The formula for I defines an antiunitary because for all a È A,
The first two equations given in ii) follow immediately. Next, I 2 idH because
Since J ν ¡1 Jν , we can conclude Jν I IJν .
3 The relative tensor product and the fiber product
Fundamental to the following development is the general language of C ¦ -modules and C ¦ -algebras over KMS-states, the relative tensor product of such C ¦ -modules, and the fiber product of such C ¦ -algebras: The fiber product is needed to define the target of the comultiplication of a compact C ¦ -quantum groupoid, and the relative tensor product is needed to define this fiber product and the domain and the range of the fundamental unitary.
We proceed as follows. First, we introduce the language of C ¦ -modules and C ¦ -algebras over KMS-states. Next, we describe the C ¦ -module structures that arise from a compact C ¦ -quantum graph and which are needed later. Finally, we present the relative tensor product and the fiber product. Except for the second paragraph, the reference is [17] C ¦ -modules and C ¦ -algebras over KMS-states We adapt the framework of C ¦ -modules and C ¦ -algebras over C ¦ -bases introduced in [17] The C ¦ -module of a compact C ¦ -quantum graph To proceed from compact C ¦ -quantum graphs to compact C ¦ -quantum groupoids, we need several C ¦ -module structures arising from the GNS-Rieffel-construction in Lemma 2.2.
Lemma 3.7. Let µ be a faithful KMS-state on a unital C ¦ -algebra B, let Ôr,φÕ be a C ¦ -µ-module structure on a unital C ¦ -algebra A, and put ν : µ ¥ φ, H : Hν, Ô α : ÖAζ×, Proof. i), ii) Immediate from Lemma 3.7.
iii) We have Iζ ψ Jµ ζ φ because for all b È B,
The remaining assertions follow easily.
The relative tensor product of C ¦ -modules The relative tensor product of C ¦ -modules over KMS-states is a symmetrized version of the internal tensor product of Hilbert C ¦ -modules and a C ¦ -algebraic analogue of the relative tensor product of Hilbert spaces over a von Neumann algebra. We briefly summarize the definition and the main properties; for details, see [17, Section 2.2] .
Let µ be a faithful KMS-state on a C ¦ -algebra B, let H β be a C ¦ -µ-module, and let Kγ be a C ¦ -µ op -module. The relative tensor product of H β and Kγ is the Hilbert space H β γ K : β Hµ γ. It is spanned by elements ξ ζ η, where ξ È β, ζ È Hµ, η È γ, and the inner product is given by
Obviously, there exists flip isomorphism
The isomorphisms β Hµ H, ξ ζ ξζ, and Hµ γ K, ζ ζ ηζ, (see Lemma 3.2) induce the following isomorphisms which we use without further notice:
Using these isomorphisms, we define the following tensor products of operators:
We put βÝ1 : ξÝ1 § § ξ È β´and similarly define Üβ 1, γÝ2, Üγ 2.
Assume that H ÔH,α1, . . . , αm, βÕ is a C ¦ -Ôσ1, . . . , σm, µÕ-module and that K ÔK, γ, δ1, . . . , δnÕ is a C ¦ -Ôµ op , τ1, . . . , τnÕ-module, where σ1, . . . , σm, τ1, . . . , τn are faithful KMS-states on C ¦ -algebras A1, . . . , Am, C1, . . . , Cn. For i 1, . . . , m and j 1, . . . , n, put The C ¦ -relative tensor product is associative in the following sense. Assume that ν, ρ1, . . . , ρ l are faithful KMS-states on C ¦ -algebras D,E1, . . . , E l , thatK ÔK, γ, δ1, . . . , δn, ǫÕ
Then the isomorphisms of Hilbert spaces
are isomorphisms of C ¦ -Ôσ1, . . . , σm, τ1, . . . , τn, ρ1, . . . ,
We shall identify the Hilbert spaces in (5) without further notice and denote these Hilbert spaces by H β γ Kǫ φ L. We shall need the following simple construction not mentioned in [17] :
op -modules, and I : H H , 
Proof. Straightforward.
The fiber product of C ¦ -algebras The fiber product of C ¦ -algebras over KMSstates is an analogue of the fiber product of von Neumann algebras. We briefly summarize the definition and main properties; for details, see [17, Section 3] .
Let µ be a faithful KMS-state on a C ¦ -algebra B, let A β H be a C ¦ -µ-algebra, and let
If A and C are unital, so is A β ¦γC, but otherwise, A β ¦γC may be degenerate.
Conjugation by the flip Σ :
Assume that A ÔH,α1, . . . , αm, β, AÕ is a C ¦ -Ôσ1, . . . , σm, µÕ-algebra and C ÔK, γ, δ1,
. . , τnÕ-algebra, where σ1, . . . , σm, τ1, . . . , τn are faithful KMS-states
. . , σm, τ1, . . . , τnÕ-algebra, called the fiber product of A and C.
Assume furthermore thatÃ ÔH,α1, . . . ,αm,β,ÃÕ is a C ¦ -Ôσ1, . . . , σm, µÕ-algebra and C ÔK,γ,δ1, . . . ,δn,CÕ is a C ¦ -Ôµ op , τ1, . . . , τnÕ-algebra. Then for each φ È MorÔA,ÃÕ and ψ È MorÔC,CÕ, there exists a unique morphism
A fundamental deficiency of the fiber product is that it need not be associative. In our applications, however, the fiber product will only appear as the target of a comultiplication, and the non-associativity of the former will be compensated by the coassociativity of the latter.
We shall need the following simple construction not mentioned in [17] :
Proof. Evidently, the formula defines a ¦-homomorphism R β ¦γS. The definition does not depend on the choice of J because Üξ 1ÔRβ ¦γSÕÔxÕ ξ ½ Ý1 J ¦ ÜIξJµ 1x ¦ Iξ ½ JµÝ1J S ÜIξ ½ Jµ 1x IξJµÝ1¨for all x È A β ¦γC by Lemma 3.9 ii), and a similar argument shows that it does not depend on the choice of I.
Compact C ¦ -quantum groupoids
In this section, we introduce the main object of study of this article -compact C ¦ -quantum groupoids. Roughly, a compact C ¦ -quantum groupoid is a compact C ¦ -quantum graph equipped with a coinvolution and a comultiplication subject to several relations. Most importantly, we assume left-and right-invariance of the Haar weights, the existence of a modular element, and a strong invariance condition relating the coinvolution to the Haar weights and to the comultiplication.
We proceed as follows. First, we discuss the appropriate notion of a comultiplication and recall the notion of a Hopf C ¦ -bimodule, of bounded invariant Haar weights, and of bounded counits. Then, we introduce and study the precise definition of a compact C ¦ -quantum groupoid. Finally, we show that the modular element can always be assumed to be trivial, and that the Haar weights are unique up to scaling.
Hopf C ¦ -bimodules over KMS-states Throughout this paragraph, let µ be a faith-
H Õ that makes the following diagram commute:
Õ-algebra together with a comultiplication.
The following important invariance conditions will be imposed on the Haar weights of a compact C ¦ -quantum groupoid: 
Similar remarks apply to bounded right Haar weights.
The notion of a counit of a Hopf algebra extends to Hopf C ¦ -bimodules as follows.
Hµ¨s atisfying (the first/second of ) the following conditions:
i) Condition i) and ii), respectively, hold if and only if the left/the right square of the following diagram commute:
ii) A standard argument shows that if a bounded left and a bounded right counit exist, then they are equal and a counit.
Compact C ¦ -quantum groupoids Given a compact C ¦ -quantum graph ÔB, µ, A, r, φ, s, ψ, δÕ with coinvolution R, we use the notation introduced in Proposition 3.8 and put
and define an antiunitary I : H H by IΛ ν ¡1ÔaÕ
Λν ÔRÔaÕ ¦ Õ for all a È A. Since IαJµ β, IβJµ α, and RÔaÕ Ia ¦ I for all a È A, we can define a ¦-antihomomorphism
The definition of a compact C ¦ -quantum groupoid involves the following conditions that are analogues of the strong invariance property known from quantum groups: Lemma 4.6. Let ÔB, µ, A, r, φ, s, ψ, δÕ be a compact C ¦ -quantum graph with a coinvolution
Proof. Let a, d È A. By Lemmas 3.9 and 2.7,
As a direct consequence, we obtain the following result: 
Now we come to the main definition of this article: 
Let us briefly comment on this definition. The coinvolution R is uniquely determined by condition iii). The Haar weights are unique up to some scaling, as we shall see at the end of this section. At the end of the next section, we will see that ÔRα¦ β RÕ ¥ ∆ AdΣ ¥∆ ¥ R; in particular, the modified strong invariance condition in Lemma 4.7 ii) holds by Lemma 4.7.
From now on, let ÔB,µ, A, r, φ, s, ψ, δ, R, ∆Õ be a compact C ¦ -quantum groupoid. 
The proof involves the following equation:
Proof. Let b, c, d, e as above. Then
and by Lemma 3.
ÔdÕÕ. Proof of Proposition 4.10. The left-and right-invariance of φ and ψ imply that for all a È A,
Therefore, τ is a conditional expectation onto its image.
Since υ : µ τ ÔBÕ is a trace, we can conclude from Lemma 2.2 i) that The modular element The modular element of a compact C ¦ -quantum groupoid can be described in terms of the element θ : φÔδÕ ψÔδ ¡1 Õ È B B op (see Lemma 2.5 and Lemma 2.7 i)) as follows.
Proposition 4.12. δ rÔθÕsÔθÕ ¡1 and ∆ÔδÕ δα β δ.
Proof. By Lemma 2.5 i), the elementδ : rÔθÕsÔθÕ ¡1 is positive, invertible, and invariant with respect to σ
or all a È A by Proposition 4.10 and Lemma 2.5 ii). Now, δ δ by Lemma 2.3 iii), and ∆ÔδÕ rÔθÕα β sÔθÕ ¡1 rÔθÕραÔθ ¡1 Õα β ρ β ÔθÕsÔθÕ ¡1 δα β δ because θ È ZÔBÕ.
An important consequence of the preceding result is that for every compact C ¦ -quantum groupoid, there exists a faithful invariant KMS-state on the basis:
This result implies that in principle, we could restrict to compact C ¦ -quantum groupoids with trivial modular element δ 1A. We shall not do so for several reasons. First, the treatment of a nontrivial modular element does not require substantially more work. Second, the freedom to choose the state µ might be useful in applications. Finally, we hope to prepare the ground for a more general theory of locally compact quantum groupoids, where the modular element can no longer be assumed to be trivial.
The KMS-state µ can be factorized into a state υ on the commutative C ¦ -algebra τ ÔBÕ ZÔBÕ and a perturbation of τ as follows. We define maps
Proof. By Propositions 4.10 and 4.12, we have µÔbÕ νÔrÔbÕÕ
Uniqueness of the Haar weights A central result in the theory of locally compact (quantum) groups is the uniqueness of the Haar weights up to scaling. In this paragraph, we prove a similar uniqueness result for the Haar weights of a compact C ¦ -quantum groupoid. The Haar weights of a compact C ¦ -quantum groupoid can be rescaled by elements of B 
We apply µ to the left hand side and find, using Lemma 2.5 ii),
Next, we apply µ to the right hand side of equation (8) and find
Since the left hand side and the right hand side of equation (8) 
The fundamental unitary
In the theory of locally compact quantum groups, a fundamental rôle is played by the multiplicative unitaries of Baaj, Skandalis [1] and Woronowicz [21] : To every locally compact quantum group, one can associate a manageable multiplicative unitary, and to every manageable multiplicative unitary two Hopf C ¦ -algebras called the "legs" of the unitary. One of these legs coincides with the initial quantum group, and the other one is its generalized Pontrjagin dual. Moreover, the multiplicative unitary can be used to switch between the reduced C ¦ -algebra and the von Neumann algebra of the quantum group.
Similarly, we associate to every compact C ¦ -quantum groupoid a generalized multiplicative unitary. More precisely, this unitary is a regular C ¦ -pseudo-multiplicative unitary in the sense of [17] . The first application of this unitary will be to prove that the coinvolution of a compact C ¦ -quantum groupoid reverses the comultiplication. The second application will be to associate to every compact C ¦ -quantum groupoid a measured quantum groupoid in the sense of Enock and Lesieur [?, 11] . The third application, given in the next section, will be to construct a generalized Pontrjagin dual of the compact C ¦ -quantum groupoid in form of a Hopf C ¦ -bimodule. Finally, one can use this unitary to define reduced crossed products for coactions of the compact C ¦ -quantum groupoid as in [16] .
C ¦ -pseudo-multiplicative unitaries The notion of a C ¦ -pseudo-multiplicative unitary extends the notion of a multiplicative unitary [1] , of a continuous field of multiplicative unitaries [2] , and of a pseudo-multiplicative unitary on C ¦ -modules [12, 18] , and is closely related to pseudo-multiplicative unitaries on Hilbert spaces [20] ; see [17, Section 4.1] . The precise definition is as follows. Let µ be a faithful KMS-state on a C ¦ -algebra B. Hα β H such that
and the following diagram commutes: Let ÔH, Ô β, α, β, V Õ be a C ¦ -pseudo-multiplicative unitary. We put
These spaces satisfy Ô AÔV Õ LÔH β Õ and AÔV Õ LÔH Ô β Õ, so that we can define maps
¦ . Let ÔH, Ô β, α, β, V Õ be a C ¦ -pseudo-multiplicative unitary. We put The fundamental unitary of a compact C ¦ -quantum groupoid Throughout this section, let ÔB, µ, A, r, φ, s, ψ, δ, R, ∆Õ be a compact C ¦ -quantum groupoid. We use the same notation as in the preceding section.
The main result of this paragraph is the following theorem.
We prove this result in several steps. Til the end of this section, we fix a compact C ¦ -quantum groupoid ÔB, µ, A, r, φ, s, ψ, δ, R, ∆Õ and use the same notation as in Section 4. Hα β H such that
Proof. i) Let a È A, η È β, ζ È Hµ. Since ψ is a bounded right Haar weight for ÔA α,β H , ∆Õ,
Therefore, there exists an isometry V : H Ô β αH
In particular, V is surjective and hence a unitary.
ii) By Proposition 4.12, we have for all
iii) The first relation was already proven above.
The strong invariance condition on the coinvolution yields the following important inversion formula for the unitary V constructed above. 
Now, the claim follows from condition iii) in Definition 4.8.
Proof of
Finally, V is regular because by Theorem 5.6, Lemma 3.9 ii) and Proposition 3.8 iii), ¦ ∆ÔaÕ for all a È A.
∆V Õ will be studied in the next section.
Our first application of the fundamental unitary is to prove that the coinvolution reverses the comultiplication.
The proof involves the following formulas:
; see also [17, Lemma 4.13] . ii) By Lemma 3.9 and Theorem 5.6, we have that ii)φ is uniquely determined byφÔxÕ ζ ¦ xζ for all x È M , and clearlyνÔxÕ Üζν xζνÝ Üζµ ζ ¦ xζζµÝ Ôμ ¥φÕÔxÕ for all x È M . If φ is faithful, so is ν and, sinceμ is faithful and ν μ ¥φ, alsoφ is faithful.
iii) Use Lemma 2.2 iii) and the fact thatr,φ are normal extensions of r, φ.
Let ÔB, µ, A, r, φ, s, ψ, δ, R, ∆Õ be a compact C ¦ -quantum groupoid. We keep the notation introduced before and put
By the previous remarks, the maps µ, r, φ, s, ψ have unique normal extensions
Before we can extend the comultiplication ∆ from A to M , we need to recall the definition of the fiber product of von Neumann algebras [15] and the underlying relative tensor product of Hilbert spaces [?]; a reference is also [?, §10]. The relative tensor product of H with itself, taken with respect tos,r andμ, is defined as follows. Put DÔHr;μÕ :
Evidently, an element η È H belongs to DÔHr;μÕ if and only if the map N ζµ H given by yζµ rÔyÕη extends to a bounded linear map LÔηÕ : Hµ H, and LÔηÕ ¦ LÔη ½ Õ È N ½ for all η, η ½ È DÔHr;μÕ. The relative tensor product Hs μr H is the separated completion of the algebraic tensor product H DÔHr;μÕ with respect to the sesquilinear form defined by
We denote the image of an element ω η in Hs μr H by ωs r η. ii) The formulas for Φ α,β and Ψ α,β define isometries because for all ω, a, ξ, η, ζ as above, Proof. Simply define∆ by∆ÔxÕ :
The notion of a measurable quantum groupoid was first defined in [11] ; later, the definition was changed in [?, §6].
Theorem 5.14. ÔN, M,r,s,∆,φ,ψ,μÕ is a measurable quantum groupoid. Proof. First, one has to check that ÔN, M,r,s,∆Õ is a Hopf-bimodule; this follows from the definition of∆ and the fact that V is a C ¦ -pseudo-multiplicative unitary.
Second, one has to check thatφ andψ are left-and right-invariant, respectively. This follows from the fact that these maps are normal extensions of φ and ψ, which are left-and right-invariant, respectively.
Finally, one has to check that the modular automorphism groups ofν μ ¥φ and ν ¡1 μ op ¥ψ commute, but this follows from the fact thatν ¡1 ν δ 1ß2 .
Supplements on C ¦ -pseudo-multiplicative unitaries
In this section, we interrupt our discussion of compact C ¦ -quantum groupoids and study several properties C ¦ -pseudo-multiplicative unitaries that shall prove useful later. The corresponding properties for multiplicative unitaries were introduced and studied in [1] .
Throughout this section, let µ be a faithful KMS-state on a unital C ¦ -algebra B.
Fixed and cofixed elements for a C ¦ -pseudo-multiplicative unitary We shall study elements with the following property: 
Proof. We only prove the assertions on CofixÔV Õ; the other assertions follow similarly.
iv) Immediate from iii). Haar weights and counits obtained from (co)fixed elements Fixed and cofixed elements for a C ¦ -pseudo-multiplicative unitary yield bounded Haar weights and bounded counits on the legs as follows: i) (a) Evidently, Ô ǫ is a completely positive contraction. Let η, η ½ È β and ξ, ξ ½ È α. Then Üη 2V ξÝ2η0 Üη 2 η0Ý1ξ η0η ¦ ξ η0η ¦ 0 Üη 2V ξÝ2η0 η0Ô ǫÔη 2V ξÝ2Õ.
Now, Ô ǫ is a ¦-homomorphism and Ô ǫÔ Ô AÔV ÕÕ Öβ ¦ α× because
and Öβ ¦ α×
Assume that V is regular, and consider the following diagram: 
Balanced C ¦ -pseudo-multiplicative unitaries and C ¦ -pseudo-Kac systems
Weak C ¦ -pseudo-Kac systems were introduced in [16] as a framework to construct reduced crossed products for coactions of Hopf C ¦ -bimodules. Let us briefly recall the definition. Hα β H is a unitary and U : H H is a symmetry satisfying the following conditions:
unitaries, where Õ V and Ô V are defined by
A weak C ¦ -pseudo-Kac system over µ is a balanced C ¦ -pseudo-multiplicative unitary
In particular, Õ V and Ô V are well-behaved if V is well-behaved. Proof. Apply Theorem 6.8 to Õ V or Ô V , respectively, and use Remark 6.2 ii) and (12).
The dual Hopf C ¦ -bimodule
In the preceding section, we saw that the fundamental unitary associated to a compact C ¦ -quantum groupoid gives rise to two Hopf C ¦ -bimodules and that one of these two coincides with the underlying Hopf C ¦ -bimodule of the initial C ¦ -quantum groupoid. In this short section, we study the other Hopf C ¦ -bimodule, which can be considered as (the underlying Hopf C ¦ -bimodule of) the generalized Pontrjagin dual of the initial C ¦ -quantum groupoid. In principle, the dual Hopf C ¦ -bimodules of compact C ¦ -quantum groupoids should precisely exhaust the class ofétale C ¦ -quantum groupoids with compact base, but a precise definition ofétale C ¦ -quantum groupoids is not yet available. However, we can describe some important ingredients like the underlying Hopf C ¦ -bimodule, the unitary antipode, and the counits of the dual of a compact C ¦ -quantum groupoid.
Throughout this section, let ÔB, µ, A, r, φ, s, ψ, δ, R, ∆Õ be a compact C ¦ -quantum groupoid.
We use the notation introduced in the preceding sections.
The 
Proof. By definition, Ô AÔV Õ is the closed linear span of all operators of the form Üx
This calculation proves the existence of the operators λÔaÕ for all a È A and that Ô AÔV Õ ÖλÔAÕ×. Finally, by Theorem 5.6, Lemma 3.9 and Proposition 3.8,
The associated weak C ¦ -pseudo-Kac system Put U : IJ JI.
The proof involves the following formula:
Proof. Theorems 5.6 and 5.10 imply Õ V 
Coinvolution and counit on the dual Hopf C ¦ -bimodule Proposition 7.1 immediately implies:
H , Ô ∆V¨in the sense that it reverses the comultiplication:
Proof. By (12) and Lemma 7.4, we have for all
The constructions in Section 6 yield a counit on Ô AÔV Õ:
Proof. i) By Proposition 6.7, Theorem 6.8 i), and Corollary 6.11 i), the map Ô ǫ :
, is a bounded counit, and by Theorem 6.8 i) and Proposition 7.1,
8 Principal compact C ¦ -quantum groupoids
In this section, we study compact C ¦ -quantum groupoids that are principal. Most importantly, we show that a principal compact C ¦ -quantum groupoid is essentially determined by the conditional expectation τ : B τ ÔBÕ ZÔBÕ and the state µ τ ÔBÕ , and that the dual of a principal compact C ¦ -quantum groupoid is the C ¦ -algebra of compact operators on a certain C ¦ -module. 
Principal compact C ¦ -quantum groupoids

Õ×.
To simplify the following discussion, we only consider the case where δ 1A. Corollary 4.13 shows that this is not a serious restriction.
Let ÔB, µ, A, r, φ, s, ψ, 1AÕ be a principal compact C ¦ -quantum graph. Then there exist at most one coinvolution R for ÔB, µ, A, r, φ, s, ψ, 1AÕ and at most one comultiplication ∆ for A R, ∆ such that ÔB, µ, A, r, φ, s, ψ, 1A, R, ∆Õ is a compact C ¦ -quantum groupoid.
Before we prove this result, let us give an application: every compact C ¦ -quantum groupoid has an underlying principal compact C ¦ -quantum groupoid. The nontrivial part of this assertion is that the comultiplication restricts to a morphism of C ¦ -Ôµ, µ op Õ-algebras. Corollary 8.3 . Let ÔB, µ, A, r, φ, s, ψ, 1A (14) and (15) 
Similar calculations show that Ö∆ÔAÕ βÝ2× Ö βÝ2A× and Ö∆ÔAÕ ζ φ Ý2A× Ö βÝ2A×.
Next, φ is a bounded left Haar weight for ÔA
ÕÕÕ.
A similar calculation shows that ψ is a bounded right Haar weight for ÔA α,β H , ∆Õ. Finally, we prove that φ, ψ and R satisfy the strong invariance condition 4.8 iii). By The reconstruction of a principal compact C ¦ -quantum groupoid A principal compact C ¦ -quantum groupoid is completely determined by the conditional expectation τ : B τ ÔBÕ ZÔBÕ and can be reconstructed from τ as follows. Assume that
• C is a commutative unital C ¦ -algebra with a faithful state υ,
• B is a unital C ¦ -algebra with a υ-module structure Ôι, τ Õ such that ιÔCÕ ZÔBÕ. We put µ : υ ¥ τ and identify C with ιÔCÕ via ι. ÔbÕÕ. Since c È C was arbitrary and υ faithful, the claim follows.
As in Proposition 3.7, we define an isometry ζτ : Hυ Proof. Routine arguments show that there exists a unique principal compact C ¦ -quantum graph ÔB, µ, A, r, φ, s, ψ, 1AÕ with A, r, s, φ, ψ as above; let us only note that the completely positive contractions φ : A B and ψ B op are well-defined because they are given by x Üζτ 2x ζτ Ý2 and x Üζτ 1x ζτ Ý1, respectively. Now, the assertion follows from Theorem 8.2.
Every principal compact C ¦ -quantum groupoid is of the form constructed above: Proposition 8.8. Let ÔB, µ, A, r, φ, s, ψ, 1A, R, ∆Õ be a principal compact C ¦ -quantum groupoid and put τ ψ ¥ r. i) C : τ ÔBÕ is a commutative unital C ¦ -algebra, υ : µ C is a faithful state on C, Ôid, τ Õ is a υ-module structure on B, and µ υ ¥ τ . iii) Straightforward.
The dual Hopf C ¦ -bimodule Let ÔB, µ, A, r, φ, s, ψ, δ, R, ∆Õ be a principal compact C ¦ -quantum groupoid and ÔH, Ô β, α, β, V Õ the associated C ¦ -pseudo-multiplicative unitary (see Theorem 5.4) . We show that the dual Hopf
Section 7 can be identified with the C ¦ -algebra of compact operators on a Hilbert C ¦ -module over τ ÔBÕ. This result is a (reduced) analogue of the result that for every principal compact groupoid G, the irreducible representations of C ¦ ÔGÕ are labelled by the orbits G 0 ßG and that each such representation is by all compact operators [14] .
We use the notation of Proposition 8. 
Likewise, by definition of j ¦ j and Υ, we have for all 
The C ¦ -pseudo-Kac system Recall that in Theorem 7.2, we associated to every compact C ¦ -quantum groupoid a weak C ¦ -pseudo-Kac system. 
Compact andétale groupoids
Prototypical examples of compact C ¦ -quantum groupoids are the function algebra of a compact groupoid and the reduced groupoid C ¦ -algebra of anétale groupoid with compact space of units. In this section, we construct these examples, determine the associated dual Hopf C ¦ -bimodules, and show that the associated weak C ¦ -pseudo-Kac systems are C ¦ -pseudo Kac systems. We shall use some results from [17] and [16] which we recall first.
Preliminaries on locally compact groupoids Let us fix some notation and terminology related to locally compact groupoids; for details, see [14] or [13] .
Throughout this section, let G be a locally compact, Hausdorff, second countable groupoid. We denote its unit space by G 0 , its range map by rG, its source map by sG, and put G
Let λ be a left Haar system on G and denote by λ ¡1 the associated right Haar system.
Let µG be a probability measure on G 0 with full support and define measures νG, ν ¡1 The C ¦ -pseudo-Kac system of a locally compact groupoid In [17] and [16] , we associated to G a C ¦ -pseudo-multiplicative unitary and a C ¦ -pseudo-Kac system as follows.
Denote by µ the trace on CÔG 
There exist isometric embeddings j : (12), and now a second application of Remark 6.6
shows that Ö∆ÔCÔGÕÕ ζ ψ Ý1CÔGÕ× Ö αÝ1CÔGÕ×. The groupoid C ¦ -algebra of anétale groupoid Let G be a locally compact groupoid as above but assume that G is r-discrete and that λ is the family of counting measures. Since G iii), iv) The proof is similar to the proof of Theorem 9.5 iii), iv).
